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Abstract
We obtain the orbifold Virasoro master equation (OVME) at integer order λ, which
summarizes the general Virasoro construction on orbifold affine algebra. The OVME
includes the Virasoro master equation when λ = 1 and contains large classes of stress
tensors of twisted sectors of conventional orbifolds at higher λ. The generic construc-
tion is like a twisted sector of an orbifold (with non-zero ground state conformal weight)
but new constructions are obtained for which we have so far found no conventional orb-
ifold interpretation.
∗E-Mail: hllywd2@physics.berkeley.edu
1 Introduction
The Virasoro master equation (VME) summarizes the general Virasoro construction1,2 on
affine Lie algebra,
T (z) = Lab : Ja(z)Jb(z) : , a, b = 1, ..., dimg . (1.1)
See Ref. 3 for a review of the VME and irrational conformal field theory. Subsequent de-
velopments in this subject include semiclassical examples of conformal blocks4 in irrational
conformal field theory, unification5−8 with the general non-linear sigma model and the con-
struction of the stress tensors of twisted sectors of cyclic permutation orbifolds9 from copies
of the general Virasoro construction (1.1).
Our starting point in this paper is the orbifold affine algebra9 at integer order λ, which
was recently found in the twisted sectors of cyclic permutation orbifolds and includes affine
Lie algebra when λ = 1. Following the suggestion of Ref. 9, we consider here the general
Virasoro construction on orbifold affine algebra
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) :, a, b = 1, ..., dimg, λ ∈ ZZ+ (1.2)
where Jˆ (r)a (z), r = 0, ..., λ− 1 are the orbifold currents. When λ = 1, the orbifold currents
Jˆ (0)a (z) = Ja(z) satisfy affine Lie algebra and Tˆ (z) reduces to T (z) in (1.1).
The stress tensor Tˆ (z) is conformal when Labr satisfies the orbifold Virasoro master equa-
tion (OVME) at order λ, and the OVME contains the conformal field theories of the VME
when λ = 1. At higher λ, the OVME contains large classes of stress tensors of twisted
sectors of conventional permutation orbifolds, and many other constructions. The generic
construction of the OVME is apparently a twisted sector of an orbifold or a Ramond (spin)
sector because the ground state conformal weights ∆ˆ0 of the constructions
L(m ≥ 0)|0〉 = δm,0∆ˆ0|0〉, ∆ˆ0 6= 0 (1.3)
are generically non-zero. New unitary solutions of the OVME are obtained however, with
irrational central charge and/or irrational conformal weights, for which we have so far found
no conventional orbifold interpretation.
2 Background
1
2.1 Orbifold affine algebra
We consider the orbifold affine algebra9 gλ
[Jˆ (r)a (m+
r
λ
), Jˆ
(s)
b (n+
s
λ
)]= if cab Jˆ
(r+s)
c (m+n+
r + s
λ
)+Gˆab(m+
r
λ
)δm+n+ r+s
λ
,0 (2.1a)
m,n ∈ ZZ, a, b = 1, ..., dimg, r, s = 0, .., λ− 1 (2.1b)
Jˆ (r)a (m+
r
λ
)|0〉 = 0 when m+ r
λ
≥ 0 (2.1c)
where the order λ of gλ is any positive integer and gλ=1 is affine Lie algebra
10−12. The
relations in (2.1) are understood with the periodicity condition
Jˆ (r±λ)a (m+
r ± λ
λ
) = Jˆ (r)a (m± 1 +
r
λ
) (2.2)
and the state |0〉 is called the ground state of gλ. The quantities fabc are the structure
constants of any semisimple Lie algebra g = ⊕IgI , and the metric Gˆab is
Gˆab = ⊕I kˆIηIab. (2.3)
Here, ηIab is the Killing metric of gI and kˆI = λkI is the level of the associated orbifold affine
subalgebra. For applications we restrict ourselves to simple compact g,
Gˆab = kˆηab, kˆ = λk, xˆ =
2kˆ
ψ2
= λx, x =
2k
ψ2
(2.4)
where ψ is the highest root of g and unitarity9 requires that the invariant level x be a positive
integer.
We will also need the operator product form9 of gλ
Jˆ (r)a (z)Jˆ
(s)
b (w) =
Gˆabδr+s,0 mod λ
(z − w)2 +
if cab Jˆ
(r+s)
c (w)
(z − w) +O((z − w)
0) (2.5a)
Jˆ (r)a (z) =
∑
m∈Z
Jˆ (r)a (m+
r
λ
)z−1−m−r/λ (2.5b)
where Jˆ (r)a (z) are the local orbifold currents.
2
2.2 Subalgebras of gλ
The algebra gλ contains a set of regularly embedded subalgebras gη ⊂ gλ,
ˆˆ
J (r)a (m+
r
η
) = Jˆ (λr/η)a (m+
λr/η
λ
), r = 0, ..., η − 1, η ∈ ZZ+, λ
η
∈ ZZ+ (2.6a)
[
ˆˆ
J (r)a (m+
r
η
),
ˆˆ
J
(s)
b (n+
s
η
)]= if cab
ˆˆ
J (r+s)c (m+n+
r + s
η
)+Gˆab(m+
r
η
)δm+n+ r+s
η
,0 (2.6b)
which is isomorphic to the set of order η orbifold affine algebras, taken at levels {kˆI = λkI}.
The special case η = 1 is known as the integral affine subalgebra13,14,9, whose generators
ˆˆ
J (0)a (m) = Jˆ
(0)
a (m) (2.7)
form an affine Lie algebra at levels {kˆI}. Related subalgebras include hη ⊂ gλ, λ/η ∈ ZZ+
where h ⊂ g is any Lie subalgebra of g.
There are many other subalgebras of gλ, for example the algebra generated by
Jˆ (µn mod λ)a (⌊
µn
λ
⌋+ µn mod λ
λ
), n ∈ ZZ, µ = 0, 1, 2, ... (2.8)
where ⌊x⌋ is the integer less than or equal to x. When µ = λ
η
∈ ZZ+, these are the generators
ˆˆ
J (r)a (m+
r
η
) = Jˆ (µr)a (m+
µr
λ
), r = 0, ..., η − 1 (2.9)
of the gη subalgebras above.
2.3 Normal ordering
In Ref. 9, the (mother theory) normal-ordering convention
: Aˆ(r)(z)Bˆ(s)(z) :M ≡
∞∑
m=−∞
z−∆(A)−∆(B)−m−
r+s
λ [
∑
p≤−∆(A)
Aˆ(r)(p+
r
λ
)Bˆ(s)(m− p+ s
λ
)
+
∑
p>−∆(A)
Bˆ(s)(m− p+ s
λ
)Aˆ(r)(p+
r
λ
)] (2.10)
was used for the product of any two integer-moded orbifold principal primary fields, including
the orbifold currents with (mother theory) conformal weights ∆(A) = ∆(B) = 1. We will
use instead the OPE normal-ordering convention
: Aˆ(r)(z)Bˆ(s)(z) : ≡
∮
z
(dx)
x− z Aˆ
(r)(x)Bˆ(s)(z), (dx) ≡ dx
2pii
(2.11)
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where the x contour does not encircle the origin. In the case of the orbifold currents, the
two conventions are related by
: Jˆ (r)a (z)Jˆ
(s)
b (z) : ≡ : Jˆ (r)a (z)Jˆ (s)b (z) :M −
irf cab Jˆ
(r+s)
c (z)
λz
+
r(λ− r)
2λ2z2
Gˆabδr+s,0 mod λ (2.12)
and we note that the modes of the OPE normal-ordered bilinears satisfy
: Jˆ (r)a (z)Jˆ
(−r)
b (z) : =
∑
m∈Z
: Jˆ (r)a Jˆ
(−r)
b : (m) z
−m−2 (2.13a)
: Jˆ (r)a Jˆ
(−r)
b : (m ≥ 0)|0〉 =
r(λ− r)
2λ2
Gˆabδm,0|0〉, r = 0, ..., λ− 1 (2.13b)
because : Jˆ (r)a Jˆ
(−r)
b :M (m ≥ 0) annihilates the ground state.
The current bilinears also have a symmetry (see App. A)
: Jˆ
(r)
(a (z)Jˆ
(s)
b) (z) : = : Jˆ
(s)
(a (z)Jˆ
(r)
b) (z) : (2.14)
which will play an important role in the general construction below. (The symmetry holds
for : JJ :M as well.)
3 General Virasoro Construction
3.1 Summary of the computation
Following the suggestion of Ref. 9, we consider the candidate stress tensors
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : =
∑
m∈Z
L(m)z−m−2 (3.1a)
Labr = Lbar , r = 0, ..., λ− 1 (3.1b)
where {Labr } is a set of λ “inverse inertia tensors”. Then, following Ref. 1, we require that
Tˆ satisfies the Virasoro algebra
Tˆ (z)Tˆ (w) =
cˆ/2
(z − w)4 +
2Tˆ (w)
(z − w)2 +
∂wTˆ (w)
(z − w) +O((z − w)
0) . (3.2)
This computation (see App. A) results in the restriction on Labr
4
Fabr = Facr GˆcdFdbr −
1
2
λ−1∑
s=0
F cds [F efr+sf ace f bdf + f fce f (adf F b)er ] (3.3a)
Fabr ≡ Labr + Labλ−r, r = 0, ..., λ− 1 (3.3b)
(where we have defined Labr±λ ≡ Labr ) and the central charge,
cˆ = 2Gˆab
λ−1∑
r=0
Labr . (3.4)
The form of the restriction (3.3), in terms of the combination Fabr , is a consequence of the
symmetry (2.14). Any solution of the system (3.3) gives a conformal stress tensor Tˆ , but
this system is problematic because it has more unknowns than equations.
3.2 Equivalent Solutions
The system (3.3) determines only the combination Fabr in (3.3b). This means that (3.3) has
a “gauge invariance” under the gauge transformation
Labr → (L
′
r)
ab = Labr + Λabr , Labλ−r → (L
′
λ−r)
ab = Labλ−r − Λabr (3.5a)
Fabr → (F
′
r)
ab = Fabr (3.5b)
r = 1, ..., ⌊λ− 1
2
⌋ (3.5c)
for any set of symmetric matrices Λabr = Λ
ba
r : If Labr is a solution of (3.3) then L′rab is
also a solution.
Using the symmetry (2.14) again, we see that the gauge transformation (3.5) is also an
invariance of the stress tensor
Tˆ =


Lab0 : Jˆ (0)a Jˆ (0)b : +Labλ/2 : Jˆ (λ/2)a Jˆ (λ/2)b : +
λ
2
−1∑
r=1
Fabr : Jˆ (r)a Jˆ (−r)b : for λ even
Lab0 : Jˆ (0)a Jˆ (0)b : +
λ−1
2∑
r=1
Fabr : Jˆ (r)a Jˆ (−r)b : for λ odd
(3.6)
and similarly for the central charge. This tells us that all solutions in any given gauge orbit
are physically equivalent, and we are entitled to choose a gauge.
5
3.3 The OVME
The most convenient gauge choice is
Labr = Labλ−r, r = 1, ..., ⌊
λ− 1
2
⌋ (3.7)
(choose Λabr = (Labλ−r − Labr )/2) because this choice preserves the form of Labr given for the
twisted sectors of cyclic orbifolds in Ref. 9.
In this gauge we have
Fabr = 2Labr (3.8)
and the Virasoro condition (3.2) is summarized by the system
Tˆ =
λ−1∑
r=0
Labr : Jˆ (r)a Jˆ (−r)b : (3.9a)
Labr = 2Lacr GˆcdLdbr −
λ−1∑
s=0
Lcds [Lefr+sf ace f bdf + f fce f (adf Lb)er ], 0 ≤ r ≤ ⌊
λ
2
⌋ (3.9b)
Labr = Labr±λ = Labλ±r, ⌊
λ
2
⌋ < r ≤ λ (3.9c)
cˆ = 2Gˆab
λ−1∑
r=0
Labr . (3.9d)
In what follows, we will refer to (3.9b,c) as the orbifold Virasoro master equation (OVME).
As a check at λ = 1, we define
Lab ≡ Lab0 , Ja ≡ Jˆ (0)a , T ≡ Tˆ (3.10)
and the OVME reduces to the Virasoro master equation1,2 (VME):
T = Lab : JaJb : (3.11a)
Lab = 2LacGcdL
db − LcdLeff ace f bdf − Lcdf fce f (adf Lb)e (3.11b)
Gab = ⊕IkIηIab, c = 2GabLab (3.11c)
as it should since gλ=1 is affine Lie algebra.
The solutions of the OVME are in one-to-one correspondence with the conformal stress
tensors Tˆ in (3.9a), and we find
L(m ≥ 0)|0〉 = δm,0∆ˆ0|0〉, ∆ˆ0 = Gˆab
λ−1∑
r=0
Labr
r(λ− r)
2λ2
(3.12)
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where ∆ˆ0 is the conformal weight of the ground state. This conformal weight is generically
nonzero so that the generic construction of the OVME is like a twisted sector of an orbifold
or a Ramond spin sector. The ground state conformal weight may occasionally vanish, e.g.
the CFT’s of the VME at λ = 1 have ∆ˆ0 = 0.
Using the constraints (3.9c) to pull back the L’s into the fundamental rangea,
Labr , r = 0, ..., ⌊
λ
2
⌋ (3.13)
the OVME has the explicit form:
For even λ
Tˆ = Lab0 : Jˆ (0)a Jˆ (0)b : +Labλ/2 : Jˆ (λ/2)a Jˆ (λ/2)b : +2
λ
2
−1∑
r=1
Labr : Jˆ (r)a Jˆ (−r)b : (3.14a)
Labr = 2Lacr GˆcdLdbr − (2
λ
2
−r−1∑
s=0
Lcds Lefr+s +
λ
2∑
s=λ
2
−r
Lcds Lefλ−r−s +
r∑
s=0
Lcds Lefr−s − 2Lcd0 Lefr )f ace f bdf
−(Lcd0 + Lcdλ/2 + 2
λ
2
−1∑
s=1
Lcds )f fce f (adf Lb)er , r = 0, ...,
λ
2
(3.14b)
cˆ = 2GˆabLab0 + 2GˆabLabλ/2 + 4Gˆab
λ
2
−1∑
r=1
Labr (3.14c)
∆ˆ0 = GˆabLabλ/2 + Gˆab
λ
2
−1∑
r=1
Labr
r(λ− r)
λ2
. (3.14d)
For odd λ
Tˆ = Lab0 : Jˆ (0)a Jˆ (0)b : +2
λ−1
2∑
r=1
Labr : Jˆ (r)a Jˆ (−r)b : (3.15a)
Labr = 2Lacr GˆcdLdbr − (2
λ−1
2
−r∑
s=1
Lcds Lefr+s +
λ−1
2∑
s=λ−1
2
+1−r
Lcds Lefλ−r−s +
r∑
s=0
Lcds Lefr−s)f ace f bdf
−(Lcd0 + 2
λ−1
2∑
s=1
Lcds )f fce f (adf Lb)er , r = 0, ...,
λ− 1
2
(3.15b)
aFor λ = 1 and 2 the fundamental range in (3.13) is the original range in (3.1b).
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cˆ = 2GˆabLab0 + 4Gˆab
λ−1
2∑
r=1
Labr (3.15c)
∆ˆ0 = Gˆab
λ−1
2∑
r=1
Labr
r(λ− r)
λ2
. (3.15d)
In these relations, we have used the convention that a sum is zero when its lower limit
is greater than its upper limit. The forms (3.14b) and (3.15b) of the OVME are useful for
computational purposes, while the form (3.9b) is useful for studying general properties of
the system.
4 Properties of the OVME
4.1 Counting
The OVME is a set of
n(g, λ) = (⌊λ
2
⌋+ 1)dimg(dimg + 1)
2
(4.1)
coupled quadratic equations for the same number of unknowns (3.13).
The number of physically inequivalent solutions to the OVME expected3 at each level kˆ
is therefore
N(g, λ) ≈ 2n(g,λ)−dimg (4.2)
where we have subtracted the degrees of freedom associated with the Lie g covariance3
L′abr = Lcdr (ω−1) ac (ω−1) bd , ω ∈ Aut(g) (4.3)
of the OVME. As examples of (4.2), one finds
N(SU(2), λ = 1) = 8, N(SU(3), λ = 1) ≈ 1
4
billion (4.4a)
N(SU(2), λ = 2) = 512, N(SU(3), λ = 2) ≈ 18 quintillion (4.4b)
where λ = 1 is the VME and the growth with λ at fixed g is exponential.
It is clear that, as in the VME, most of the solutions of the OVME will be new and
(because the OVME is a large set of coupled quadratic equations) the new constructions will
have generically irrational conformal weights and central charges.
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4.2 Labr independent of r
For any λ, we consider the simple consistent ansatz
Labr (Gˆ) = Lab(Gˆ), (4.5)
(Gˆ is defined in (2.3)) which collects all inverse inertia tensors independent of r. Then the
OVME simplifies to a rescaled VME
Lab(Gˆ) = λ[2Lac(Gˆ)GcdLdb(Gˆ)− Lcd(Gˆ)Lef(Gˆ)f ace f bdf −Lcd(Gˆ)f fce f (adf Lb)e(Gˆ)] (4.6)
where Gab is defined in (3.11c). Inspection of (4.6) gives
Tˆ = Lab(Gˆ)
λ−1∑
r=0
: Jˆ (r)a Jˆ
(−r)
b : (4.7a)
Lab(Gˆ) = 1
λ
Lab(G) (4.7b)
cˆ = λc = 2λGabL
ab(G), ∆ˆ0 =
cˆ
24
(1− 1
λ2
) (4.7c)
where Lab(G) is any solution of the VME (3.11b) on semisimple affine Lie g.
The constructions (4.7) were given in Ref. 9. They are the stress tensors of the twisted
sectors of all the cyclic permutation orbifolds
A
λ times×...× A
ZZλ
(4.8)
which can be constructed from λ copies of any affine-Virasoro construction (3.11a). In what
follows, we will call (4.7) the set of cyclic constructions.b
Because they operate in cyclic permutation orbifolds, the cyclic constructions form a
Virasoro subalgebra of the orbifold Virasoro algebra9
Tˆ (r)(z)Tˆ (s)(w) =
(cˆ/2)δr+s,0 mod λ
(z − w)4 +
2Tˆ (r+s)(w)
(z − w)2 +
∂wTˆ
(r+s)(w)
z − w +O((z − w)
0) (4.9a)
Tˆ (r)(z) =
1
λ
Lab(G)
λ−1∑
s=0
: Jˆ (s)a (z)Jˆ
(r−s)
b (z) : (4.9b)
bThe stress tensors of the twisted sectors of the Sn permutation orbifolds can also be constructed
15,9,16,17
as sums of commuting copies of the cyclic constructions (4.7). This is because every element of Sn can be
expressed as a product of disjoint cyclic permutations.
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where the zero-twist component Tˆ (0) of the extended algebra is the cyclic construction Tˆ
in (4.7).
Among the cyclic constructions, we note in particular the orbifold affine-Sugawara con-
struction Tˆgλ ,
Tˆgλ =
λ−1∑
r=0
(Labr )gλ : Jˆ (r)a Jˆ (−r)b : (4.10a)
(Labr )gλ(Gˆ) =
Labg (G)
λ
= ⊕I η
ab
I
2kˆI + λQI
(4.10b)
cˆgλ = λcg = λ
∑
I
2kˆIdimgI
2kˆI + λQI
, ∆ˆgλ0 =
cˆgλ
24
(1− 1
λ2
) (4.10c)
where QI is the quadratic Casimir of gI and cg is the central charge of the affine-Sugawara
construction12,18−21 at levels {kI} on semisimple g. The form of these constructions13,14,9 on
simple g is:
(Labr )gλ(kˆ) =
Labg (k)
λ
=
ηab
2kˆ + λQg
(4.11a)
cˆgλ =
λxˆdimg
xˆ+ λh˜g
= λcg(x), cg(x) =
xdimg
x+ h˜g
(4.11b)
∆ˆgλ0 =
cˆgλ
24
(1− 1
λ2
). (4.11c)
Here h˜g = Qg/ψ
2 is the dual Coxeter number of g, x ∈ ZZ+ is the invariant level in (2.4) and
cg(x) is the central charge of the affine-Sugawara construction on simple g.
The orbifold affine-Sugawara constructions include the affine-Sugawara constructions Tg
at λ = 1, and we shall see below that the orbifold affine-Sugawara constructions play the
same fundamental role in the OVME that the affine-Sugawara constructions play in the
VME.
4.3 Constructions on subalgebras
The OVME at order λ has solutions L(λ; hη) given by
Labr (λ; hη) =


LABs (hη), if ∃s ∈ [0, η − 1] s.t. r = ληs
0, otherwise (4.12a)
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A,B = 1, ..., dimh, r = 0, ..., λ− 1, η ∈ ZZ+, λ
η
∈ ZZ+ (4.12b)
cˆ(λ; hη) = cˆ(hη), ∆ˆ0(λ; hη) = ∆ˆ0(hη) (4.12c)
where L(hη) is any solution to the OVME on hη, h ⊂ g (with central charge cˆ(hη) and
ground state conformal weight ∆ˆ0(hη)). The order η solutions appear at order λ because
hη ⊂ gλ (see Section 2.2).
The subalgebra constructions (4.12) include in particular the orbifold affine-Sugawara
construction on hη ⊂ gλ,
Tˆhη(λ; hη) =
ηAB
2kˆ + ηQh
η−1∑
r=0
: Jˆ
(λ
η
r)
A Jˆ
(−λ
η
r)
B :, A, B = 1, ..., dimh (4.13a)
cˆhη =
rηxˆdimh
rxˆ+ ηh˜h
, ∆ˆ
hη
0 =
cˆhη
24
(1− 1
η2
) (4.13b)
for simple g and simple h where r is the index of embedding of h ⊂ g.
We also mention the case hη = g1 of (4.12), which collects all constructions on the integral
affine subalgebra:
Labr (λ; g1) = δr,0Lab(Gˆ) (4.14a)
Tˆ (λ; g1) = L
ab(Gˆ) : Jˆ (0)a Jˆ
(0)
b : , cˆ(λ; g1) = 2L
ab(Gˆ)Gˆab, ∆ˆ0(λ; g1) = 0 (4.14b)
where Lab(Gˆ) is any solution to the VME (3.11b) with Gab replaced by Gˆab in (2.3). These
stress tensors are isomorphic to the stress tensors of the VME and the ground state confor-
mal weights vanish, as expected, for all these constructions because Lab0 does not contribute
to ∆ˆ0 in (3.12).
4.4 K-conjugation covariance
At order λ, the OVME exhibits K-conjugation covariance through the orbifold affine-Sugawara
construction Tˆgλ , which includes the familiar K-conjugation covariance
12,18,22,23,1 through the
affine-Sugawara construction when λ = 1. This means (see App. A) that the K-conjugate
inertia tensor L˜
L˜abr = (Labr )gλ − Labr (4.15)
is a solution of the OVME when L is a solution, and
˜ˆ
T = Tˆgλ − Tˆ , ˜ˆc = cˆgλ − cˆ, ˜ˆ∆0 = ∆ˆgλ0 − ∆ˆ0, (4.16a)
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Tˆ (z)
˜ˆ
T (w) = O((z − w)0) (4.16b)
where
˜ˆ
T is the corresponding K-conjugate stress tensor.
Drawing on experience with the VME, K-conjugation covariance tells us that the confor-
mal field theory corresponding to Tˆ can be considered as a gauge theory24,25,3,5−8 in which
the cyclic permutation orbifold of λ copies of WZW is gauged by the K-conjugate partner
˜ˆ
T of Tˆ .
The OVME has another covariance, which we call Aut(ZZλ) covariance, that has no analog
in the VME: For any automorphism of ZZλ, the inertia tensor L′
L′abr = Labφ(r), cˆ
′
= cˆ, φ ∈ Aut(ZZλ) (4.17)
is a solution when L is a solution. Aut(ZZλ) covariance relates conformal constructions with
the same central charge but generically different conformal weights.
4.5 Coset constructions
At order λ, consider the orbifold affine-Sugawara construction Tˆhη ≡ Tˆhη(λ; hη) on hη ⊂ gλ
where g and h are semisimple. (For simple g and h, this construction is given in (4.13)).
The K-conjugate partner of Tˆhη is the general gλ/hη coset construction,
Tˆgλ/hη =
˜ˆ
T = Tˆgλ − Tˆhη , cˆgλ/hη = ˜ˆc = cˆgλ − cˆhη (4.18)
which includes the ordinary coset constructions12,18,22 at λ = 1. The special case of (4.18)
given by Kac˘ and Wakimoto13,14 is gλ/gη=1, that is η = 1 and h = g with
cˆgλ/gη=1 = cˆgλ/g1 = λcg(x)− cg(λx). (4.19)
The extension to gλ/hη=1 was given in Ref. 9.
It was conjectured in Ref. 9 that the coset construction gλ/hη=1 corresponds to the twisted
sectors of a different kind of orbifold
( g
λ times×...× g
hD(λ)
)
ZZλ
(4.20)
where hD(λ) is the diagonal subalgebra of h× ...× h.
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4.6 Nests
Repeated K-conjugation on nested orbifold affine subalgebras gλ ⊃ h(1)η1 ⊃ ... ⊃ h(n)ηn gives
the orbifold affine-Sugawara nests, which generalize the affine-Sugawara nests26,27,3 of the
VME on g ⊃ h(1) ⊃ ... ⊃ h(n). The orbifold affine-Sugawara constructions and the coset
constructions are the lowest nests, and the first non-trivial nests are
Tˆgλ/hη/h′η′ = Tˆgλ − (Tˆhη − Tˆh′η′ ) (4.21a)
cˆgλ/hη/h′η′ = cˆgλ − (cˆhη − cˆh′η′ ). (4.21b)
More generally one has the orbifold affine-Virasoro nests, including
Tˆ#gλ/hη/h′η′
= Tˆgλ − (Tˆhη − Tˆ#h′
η′
) (4.22a)
cˆ#gλ/hη/h′η′
= cˆgλ − (cˆhη − cˆ#h′
η′
) (4.22b)
where Tˆ#h′
η′
is an arbitrary construction on the subalgebra h′η′ . These nests generalize the
affine-Virasoro nests27,3 familiar at λ = 1.
In what follows, we refer to the solutions discussed above (the cyclic constructions, the
subalgebra constructions on hη ⊂ gλ and the orbifold affine-Virasoro nests) as “known”
solutions of the OVME and all other solutions will be called “new”.
5 The Lie g-Invariant Constructions
Many consistent ansa¨tze27,3 and subansa¨tze can be found for the OVME, as for the VME. In
this section we concentrate on the Lie g-invariant constructions on simple g, whose abundance
is a surprising feature of the OVME. The generalization of the “graph theory ansatz” on
SO(n), familiar28 at λ = 1, is also given in App. B.
5.1 Group-invariant ansatz
We consider the group-invariant ansatz
ψ2Labr = lrηab, r = 0, ..., ⌊
λ
2
⌋ (5.1)
(ηab is the inverse Killing metric of g) which collects all Lie g-invariant constructions in
the OVME on simple g. We know that this ansatz includes at least the trivial construction
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L = 0, the orbifold affine-Sugawara construction Tˆgλ, the particular subalgebra constructions
Tˆgη , the coset constructions gλ/gη and all orbifold affine-Sugawara nests of the form gλ ⊃
gη ⊃ ... ⊃ gη′. Among these only two constructions survive at λ = 1, namely the trivial
construction and the affine-Sugawara construction on g. We shall see that the number of
new Lie g-invariant constructions increases rapidly with λ.
Substitution of (5.1) into (3.9b) gives the reduced OVME of the ansatz:
ψ2Tˆ =
λ−1∑
r=0
lrη
ab : Jˆ (r)a Jˆ
(−r)
b : (5.2a)
lr = xˆl
2
r + h˜g
λ−1∑
s=0
ls(2lr − lr+s), 0 ≤ r ≤ ⌊λ
2
⌋ (5.2b)
lr = lr±λ = lλ±r, ⌊λ
2
⌋ < r ≤ λ (5.2c)
cˆ = xˆdimg(
λ−1∑
r=0
lr), ∆ˆ0 = xˆdimg
λ−1∑
r=0
lr
r(λ− r)
4λ2
(5.2d)
where ψ is the highest root of g and xˆ = λx, x ∈ ZZ+. For computational purposes we
give also the forms of the reduced OVME in the fundamental range:
For even λ
ψ2Tˆ = l0η
ab : Jˆ (0)a Jˆ
(0)
b : +lλ/2η
ab : Jˆ (λ/2)a Jˆ
(−λ/2)
b : +2
λ
2
−1∑
r=1
lrη
ab : Jˆ (r)a Jˆ
(−r)
b : (5.3a)
lr = xˆl
2
r − h˜g(2
λ
2
−r−1∑
s=0
lslr+s +
λ
2∑
s=λ
2
−r
lslλ−r−s +
r∑
s=0
lslr−s − 2l0lr)
+2h˜glr(l0 + lλ/2 + 2
λ
2
−1∑
s=1
ls), r = 0, ...,
λ
2
(5.3b)
cˆ = xˆdimg(l0 + lλ/2 + 2
λ
2
−1∑
r=1
lr), ∆ˆ0 = xˆdimg(
lλ/2
16
+
λ
2
−1∑
r=1
lr
r(λ− r)
2λ2
). (5.3c)
For odd λ
ψ2Tˆ = l0η
ab : Jˆ (0)a Jˆ
(0)
b : +2
λ−1
2∑
r=1
lrη
ab : Jˆ (r)a Jˆ
(−r)
b : (5.4a)
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lr = xˆl
2
r − h˜g(2
λ−1
2
−r∑
s=1
lslr+s +
λ−1
2∑
s=λ−1
2
+1−r
lslλ−r−s +
r∑
s=0
lslr−s)
+2h˜glr(l0 + 2
λ−1
2∑
s=1
ls), r = 0, ...,
λ− 1
2
(5.4b)
cˆ = xˆdimg(l0 + 2
λ−1
2∑
r=1
lr), ∆ˆ0 = xˆdimg(
λ−1
2∑
r=1
lr
r(λ− r)
2λ2
). (5.4c)
We see that the group-invariant ansatz (5.1) is a consistent ansatz, giving ⌊λ
2
⌋ + 1 coupled
quadratic equations and unknowns.
At each level xˆ, it follows that there are
N(λ) = 2⌊
λ
2
⌋+1 (5.5)
Lie g-invariant solutions at order λ. In fact, these solutions are organized into N(λ) level
families3, according to the high-level behavior28,3
lr =
θr
xˆ
+O(xˆ−2), θr ∈ {0, 1}, r = 0, ..., ⌊λ
2
⌋ (5.6)
of each level family. Only four of these level families are “known” at prime λ, and so there
will be
Nnew(λ) = 2
⌊λ
2
⌋+1 − 4, λ prime (5.7)
new Lie g-invariant level families at these orders.
The high-level expansion28,3 of the Lie g-invariant level families also shows that each level
family is unitary for xˆ = λx, x ∈ ZZ+, at least down to some finite radius of convergence
xˆ0 = λx0. Experience
3 with the VME shows that x0 is usually quite low, for example x0 = 1
or 2 (see also Subsecs. 5.2 and 5.3).
We turn now to finding exact solutions of Eqs. (5.3b) and (5.4b). In solving these
equations it was useful to note that only the r = 0 equations have l0 dependence on their
right hand sides, which effectively reduces the number of equations by one. Then we were
able to factorize27,3 linear combinations of the r 6= 0 equations through λ = 6. We find no
new solutions c for λ = 1, 2, 3 and 4. The results for λ = 5 and 6 are reported below.
cFor example the four solutions at λ = 2 are the trivial construction, the orbifold affine-Sugawara con-
struction, the affine-Sugawara construction on the integral affine subalgebra and a Kac˘-Wakimoto coset.
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5.2 Irrational conformal weights at λ = 5
At λ = 5 there are 22+1 = 8 level families, four of which are new:
l0 =
1
2(xˆ+ 5h˜g)
+
θ
2(xˆ+ h˜g)
(5.8a)
l1 =
1
2(xˆ+ 5h˜g)
(1 + η
√√√√ xˆ+ 5h˜g
xˆ+ h˜g
) (5.8b)
l2 =
1
2(xˆ+ 5h˜g)
(1− η
√√√√ xˆ+ 5h˜g
xˆ+ h˜g
) (5.8c)
cˆ =
xˆ
2
dimg(
5
xˆ+ 5h˜g
+
θ
xˆ+ h˜g
), η, θ = ±1 . (5.8d)
K-conjugation takes (θ, η)→ (−θ,−η) and all these constructions are unitary d for xˆ = 5x,
x ∈ ZZ+ because the L’s are real3.
The central charges (5.8d) are rational, but the conformal weights of the ground states
of these constructions are generically irrational
∆ˆ0 =
xˆdimg
10
(
1
xˆ+ 5h˜g
− η
5
√
(xˆ+ 5h˜g)(xˆ+ h˜g)
) (5.9)
and other conformal weights will be generically irrational because the L’s are irrational. We
will discuss this set of new constructions further in Sec. 6.
5.3 Unitary irrational central charge at λ = 6
At λ = 6 there are 23+1 = 16 level families, four of which are new:
l0 =
1
2(xˆ+ 6h˜g)
(1 + η
h˜g(−xˆ2 + 3xˆh˜g − 6h˜2g)
(xˆ+ h˜g)α
) +
θ
2(xˆ+ h˜g)
(5.10a)
l1 =
1
2(xˆ+ 6h˜g)
(1 + η
−xˆ2 − 5xˆh˜g + 18h˜2g
α
) (5.10b)
l2 =
1
2(xˆ+ 6h˜g)
(1 + η
xˆ2 + 3xˆh˜g − 6h˜2g
α
) (5.10c)
l3 =
1
2(xˆ+ 6h˜g)
(1 + η
xˆ2 + xˆh˜g − 18h˜2g
α
) (5.10d)
α ≡
√
xˆ4 + 2xˆ3h˜g − 19xˆ2h˜2g + 12xˆh˜3g + 36h˜4g, η, θ = ±1. (5.10e)
dIt also follows that the high-level expansions of these level families are convergent down to and including
level x = 1.
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As in the previous case, K-conjugation takes (θ, η)→ (−θ,−η).
Using the fact that the dual Coxeter number h˜g is positive for all compact Lie algebras, we
have checked that α, and hence Labr , are real for all levels xˆ = 6x, x ∈ ZZ+ of all compact Lie
algebras. It follows that these constructions are also unitarye for these levels and algebras.
For these constructions, both the central charge and the ground state conformal weight
are generically irrational:
cˆ =
xˆ
2
dimg(
6
xˆ+ 6h˜g
+ η
xˆ3 − 3xˆ2h˜g + 6xˆh˜2g
α(xˆ+ 6h˜g)(xˆ+ h˜g)
+
θ
xˆ+ h˜g
) (5.11a)
∆ˆ0 =
xˆ dimg
288(xˆ+ 6h˜g)
(35 + η
15xˆ2 + 7xˆh˜g − 78h˜2g
α
) (5.11b)
due to the quantity α in (5.10e). For certain levels the central charge is rational (for example
level xˆ = 6x = 6 of SU(2) and SU(3)).
The lowest irrational central charges for each of the simple Lie algebras occur at θ = η =
−1 and are listed below:
xˆ cˆ
SU(2) 12 9
14
(5− 1√
2
) ≈ 2.7597
SO(3) 12 9
14
(5− 1√
2
) ≈ 2.7597
SP (1) 12 9
14
(5− 1√
2
) ≈ 2.7597
E6 6 5− 19√601 ≈ 4.2249
E7 6
35
8
− 161
8
√
769
≈ 3.6492
E8 6
10
3
− 68
3
√
1471
≈ 2.7423
F4 6
26
5
− 26
5
√
46
≈ 4.4330
G2 6
21
5
− 21
5
√
41
≈ 3.5440
At fixed g, the central charges increase monotonically with xˆ, and, for the classical Lie
algebras (e.g. SU(n)), the central charges increase monotonically with n.
The lowest unitary irrational central charge in this family of constructions is therefore
cˆ((E8)xˆ=6, λ = 6) =
10
3
− 68
3
√
1471
≈ 2.7423 (5.12)
eThe high-level expansions of these level families are also convergent through level x = 1.
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and we note that level xˆ = 6 of E8 corresponds, via the orbifold induction procedure
9, to
the historic level x = 1 of E8.
The value (5.12) is less than the lowest known unitary irrational central charge among
the cyclic permutation orbifolds (4.8) at λ = 6,
cˆ = 6 c(SU(3)5)
#
D(1)) = 6 (2)(1−
1√
61
) ≈ 10.4635 (5.13)
where c(SU(3)5)
#
D(1)) is the lowest known
3 unitary irrational central charge in the VME. The
central charge in (5.12) is also less than cˆ = 6× 1 = 6, which is the lower bound on possible
unitary irrational central charge of any order 6 cyclic permutation orbifold.
6 Discussion: The Lie h-invariant constructions
The solutions above for λ ≤ 6 show that the Lie g-invariant constructions of the OVME are
closely related to the Lie h-invariant constructions29,3, with h ⊂ g, which have been studied
in the VME. Following Ref. 29, the Lie h-invariant constructions of the OVME are those
constructions on gλ whose inertia tensors are Lie h-invariant
δLabr = Lc(ar f b)cd ψd = 0, r = 0, ..., ⌊
λ
2
⌋ (6.1)
where ψa parameterizes the Lie group H ⊂ G near the origin. Then we know from Ref. 29
that these constructions occur in Lie h-invariant quartets, octets, etc., and the currents of the
Lie h-invariant stress tensors are either (1, 0) operators (associated to a global h-symmetry)
or (0, 0) operators (associated to a local h-symmetry).
In the case of the OVME, Lie h symmetry guarantees at least a global or local h1 sym-
metry, although hη symmetry can also appear. For example, the general coset construction
on gλ/hη lives in the Lie h-invariant quartet
Tˆgλ/hη
✲+Tˆhη Tˆgλ
❄
✻
Kgλ
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑦❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑥
Kgλ/hη
❄
✻
Kgλ
Tˆhη
✛ +Tˆhη 0
Figure 1: The simplest Lie h-invariant quartet
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where Kgλ is the usual K-conjugation (
˜ˆ
T = Tˆgλ − Tˆ ) through the orbifold affine-Sugawara
construction on gλ and Kgλ/hη is (a trivial example of) another K-conjugation through the
coset construction itself (
˜ˆ
T = Tˆgλ/hη − Tˆ with Tˆ = 0 or Tˆgλ/hη).
The general Lie h-invariant quartet has the form
Tˆ (hη ⊂ gλ) ✲
+Tˆhη
Tˆ (hη ⊂ gλ) + Tˆhη
❄
✻
Kgλ
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑦❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑥
Kgλ/hη
❄
✻
Kgλ
Tˆgλ − Tˆ (hη ⊂ gλ) ✛
+Tˆhη
Tˆgλ/hη − Tˆ (hη ⊂ gλ)
Figure 2: The general Lie h-invariant quartet
where Tˆ (hη ⊂ gλ) is any locally Lie h-invariant construction on gλ (so that Tˆ commutes with
the currents of hη). The K-conjugation Kgλ/hη through the coset construction relates the
two locally-invariant constructions in the quartet, the other two constructions being globally
invariant. For the Lie g-invariant ansatz, one should read hη → gη.
We have checked that the two new sets of constructions at λ = 5 and 6 are Lie g-invariant
quartets with the form
η = +1, θ = −1 ✲+Tˆg1 η = +1, θ = +1
❄
✻
Kgλ
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑦❩
❩
❩
❩
❩
❩
❩
❩
❩
❩
❩⑥
Kgλ/g1
❄
✻
Kgλ
η = −1, θ = +1 ✛ +Tˆg1 η = −1, θ = −1
Figure 3: New Lie g-invariant quartets at λ = 5, 6
so that Kgλ/g1 is conjugation through the Kac˘-Wakimoto coset construction in both these
cases. The constructions with θ = −1 have a local g-invariance while the constructions with
θ = 1 have only a global g-invariance.
To check these conclusions for all the Lie g-invariant constructions, we have evaluated
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the Tˆ Jˆ (0) OPE in this case to find
Tˆ (z)Jˆ (0)a (w) =M(L) ba (
1
(z − w)2 +
∂w
z − w )Jˆ
(0)
b +O((z − w)0) (6.2a)
M(L) ba = ∆δ ba , ∆ ≡ xˆl0 + h˜g
λ−1∑
r=0
lr (6.2b)
where the matrix M(L) ba is defined for all L in App. A. We have also checked that
∆2 = ∆ (6.3)
using the reduced OVME (5.2b) of the Lie g-invariant ansatz. The result (6.3) verifies that
the currents Jˆ (0)a of the integral affine subalgebra gη=1 are either (1, 0) or (0, 0) operators
in all Lie g-invariant constructions, as they should be. The specific identifications in Fig. 3
follow easily from the central charges in (5.8d) and (5.11a).
Although all the Lie g-invariant constructions have a local or global symmetry associated
to gη=1, it is also possible to have larger symmetries associated to hη = gη, η ≥ 2. Indeed,
there is a quartet at λ = 4 associated to gη=2. One remaining question is the nature of the
extra (perhaps discrete) symmetry of Labr which dictates the larger symmetry.
In the case of the λ = 5 quartet, one sees further structure because there are only two
independent central charges in (5.8d). In fact, we may write these central charges as
cˆ =
1
2
(cˆgλ=5 + θcˆgη=1) =


1
2
(cˆg5 + cˆg1)
1
2
cˆg5/g1 (6.4)
which shows that the two g1-local theories (θ = −1) have the same central charge, and
moreover that this central charge is exactly half of the central charge of the Kac˘-Wakimoto
coset.
Local Lie h-invariant constructions with c = 1
2
cg/h, called the self Kg/h-conjugate con-
structions29,3, are known from the VME, where
˜ˆ
T and Tˆ in
˜ˆ
T = Tˆgλ− Tˆ are automorphically
equivalent inertia tensors (related by a transformation in Aut(h)). The mechanism here, al-
though similar, is not the same: In the present case, conjugation by Kg5/g1 (η → −η) is
an example of the Aut(ZZλ) covariance of the OVME (see Subsec. 4.4), so that the two
constructions with cˆ = 1
2
cˆg5/g1 have generically different conformal weights.
The central charges in (5.8d) (or (6.4)) can also be written as
cˆ = 5(
cg(x)
2
) + θ(
cg(5x)
2
), cg(x) =
xdimg
x+ h˜g
, x ∈ ZZ+ (6.5)
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where cg(x) is the central charge of the affine-Sugawara construction on g. Since conventional
orbifoldization does not change the central charge of a theory, the form (6.5) suggests that
the new constructions at λ = 5 might be twisted sectors of orbifolds which start with copies
of a conformal field theory whose central charge is c = cg/2. Conformal field theories with
c = cg/2 are in fact known (the self K-conjugate constructions
28,3 at λ = 1), but these occur
only for dimg = even, leaving us without a conventional orbifold interpretation for the new
constructions at λ = 5. For the new constructions at λ = 6, we have no suggestion at present
for a conventional orbifold interpretation.
7 Extensions
In this section we consider the “Feigin-Fuchs” and the inner-automorphic deformations of
the general Virasoro construction on orbifold affine algebra. For λ ≥ 3, further deformations
by the full antisymmetric part of the current bilinears : Jˆ[aJˆb] : may also be possible.
7.1 cˆ-changing deformations
The “Feigin-Fuchs” extension is
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : +Da∂Jˆ (0)a (z) (7.1a)
Labr = 2Lacr GˆcdLdbr −
λ−1∑
s=0
Lcds [Lefr+sf ace f bdf + f fce f (adf Lb)er ] + if (acd Lb)cr Dd (7.1b)
0 ≤ r ≤ ⌊λ
2
⌋ (7.1c)
Labr = Labr±λ = Labλ±r, ⌊
λ
2
⌋ < r ≤ λ (7.1d)
DaM(L) ba = Db, cˆ = 2Gˆab(
λ−1∑
r=0
Labr − 6DaDb) (7.1e)
where the matrix M(L) ba is given in (A.7b). The ground state conformal weight ∆ˆ0 is
still given by (3.12), and these generalized cˆ-changing deformations include the familiar
c-changing deformations30,1 at λ = 1.
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7.2 cˆ-fixed deformations
Similarly, the generalized cˆ-fixed deformations have the form
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : +da
Jˆ (0)a (z)
z
+
1
2z2
Gˆabd
adb (7.2a)
daM(L) ba = db (7.2b)
cˆ = 2Gˆab
λ−1∑
r=0
Labr , ∆ˆ0 =
Gˆab
2
(
λ−1∑
r=0
Labr
r(λ− r)
λ2
+ dadb) (7.2c)
and the OVME (3.9) holds for Labr . These deformations describe inner automorphic twists or
spectral flow in the twisted sectors (see also Subsec. 7.4), a phenomenon which is familiar12,30,1
at λ = 1.
7.3 Deformation of the Lie g-invariant constructions
The Lie g-invariant constructions of Secs. 5 and 6 allow a large class of both the cˆ-changing
and cˆ-fixed deformations. In this case we find that
f
(a
cd Lb)cr = 0 (7.3a)
M(L) ba = ∆δ ba → Da(∆− 1) = 0 (7.3b)
∆2 = ∆ → ∆ ∈ {0, 1} (7.3c)
where ∆ is given in (6.2b). The result (7.3a) tells us that the extra term in the gener-
alized OVME (7.1b) vanishes, so that the reduced OVME (5.2b) is maintained for cˆ-fixed or
cˆ-changing deformations of any Lie g-invariant construction.
We have recalled in (7.3c) that all currents Jˆ (0)a of any Lie g-invariant construction are
either (1,0) or (0,0) operators. Then (7.3b) tells us that one may deform any Lie g-invariant
construction by arbitrary Da or da for any Jˆ
(0)
a which is a (1,0) current (global g symmetry)
of the construction. In particular the orbifold affine-Sugawara construction may be deformed
by arbitrary D or d, a fact which is familiar30 for the affine-Sugawara constructions at λ = 1.
7.4 The doubly-twisted affine algebra
The cˆ-fixed deformation of the orbifold affine-Sugawara construction for simple g
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Tˆgλ(z; d) = Tˆgλ(z) + d
a Jˆ
(0)
a (z)
z
+
1
2z2
kˆηabd
adb, ∀d (7.4a)
cˆgλ(d) = λcgλ(x), ∆ˆ
gλ
0 (d) =
cˆgλ
24
(1− 1
λ2
) +
1
2
kˆηabd
adb (7.4b)
(see Eqs. (4.10) and (4.11)) describes spectral flow in the twisted sectors of the WZW
permutation orbifolds
g(d)
λ times×...× g(d)
ZZλ
(7.5)
where each copy of g has been twisted by the same arbitrary vector d, using the known λ = 1
form30 of (7.4).
Following Ref. 30, the spectral flow (7.4) is equivalent to introducing inner-automorphically
twisted orbifold currents. In the Cartan-Weyl basis, these currents satisfy the “doubly-
twisted” affine algebra
[Hˆ
(r)
A (m+
r
λ
; d), Hˆ
(s)
B (n+
s
λ
; d)] = kˆ(m+
r
λ
)ηABδm+n+ r+s
λ
,0 (7.6a)
[Hˆ
(r)
A (m+
r
λ
; d), Eˆ(s)α (n +
s− d · α
λ
; d)] = αAEˆ
(r+s)
α (m+ n+
r + s− d · α
λ
; d) (7.6b)
[Eˆ(r)α (m+
r − d · α
λ
; d), Eˆ
(s)
β (n+
s− d · β
λ
; d)] (7.6c)
=


N(α, β)Eˆ
(r+s)
α+β (m+ n+
r+s−d·(α+β)
λ
; d) if (α + β) ∈ ∆
α · Hˆ(r+s)(m+ n+ r+s
λ
; d) + kˆ(m+ r−d·α
λ
)δm+n+ r+s
λ
,0 if (α + β) = 0
0 otherwise
[Hˆ
(r)
A (m+
r
λ
; d)− δm+ r
λ
,0kdA]|0〉 = Eˆ(r)α (m+
r − d · α
λ
; d)|0〉 = 0 when m+ r
λ
≥ 0 (7.6d)
A,B = 1, ..., rankg, α, β ∈ ∆ (7.6e)
m,n ∈ ZZ, r, s = 0, ..., λ− 1, λ ∈ ZZ+ (7.6f)
for all dA, where HˆA and Eˆα are the Cartan and root operators respectively. The relations
(7.6) are understood with the periodicity conditions
Hˆ
(r±λ)
A (m+
r ± λ
λ
; d) = Hˆ
(r)
A (m± 1 +
r
λ
; d) (7.7a)
Eˆ(r±λ)α (m+
r ± λ− d · α
λ
; d) = Eˆ(r)α (m± 1 +
r − d · α
λ
; d) (7.7b)
in analogy to the conditions (2.2).
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The doubly-twisted algebra (7.6) reduces to the orbifold affine algebra (2.1) when d = 0
and it reduces to inner-automorphically twisted31,30,32 affine Lie algebra when λ = 1. More
generally, the doubly-twisted algebra exhibits an intricate interplay between the discrete
orbifold twist (outer automorphism) and the continuous spectral flow (inner automorphism).
The doubly-twisted algebra can be obtained by the orbifold induction procedure9 from
the spectral flow at λ = 1 given in Ref. 30. The relations are
Hˆ
(r)
A (m+
r
λ
; d) ≡ Jˆ (r)A (m+
r
λ
) + kdAδm+ r
λ
,0
= JA(λm+ r; d)BOOST
= JA(λm+ r) + kdAδλm+r,0 (7.8a)
Eˆ(r)α (m+
r − d · α
λ
; d) ≡ Eˆ(r)α (m+
r
λ
)
= Eα(λm+ r − d · α; d)BOOST
= Eα(λm+ r) (7.8b)
where the currents JA(m; d)BOOST , Eα(m − d · α; d)BOOST are the inner automorphically-
twisted currents of Ref. 30 and JA(m), Eα(m) satisfy affine Lie algebra.
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Appendix A. Derivations
Many of the operators below have branch points at zero and infinity; however we have
checked that all the standard machinery of Ref. 33 follows using contours that never encircle
these points.
•Wick’s theorem
Given the OPE of two operators A and B,
A(z)B(w) =
∑
m
{AB}m(w)
(z − w)m (A.1)
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the contraction of the two operators is defined as the singular terms of the OPE
A(z)B(w) ≡ ∑
m>0
{AB}m(w)
(z − w)m . (A.2)
For any three operators A,B,C we have
A(z) : BC :(w) =
∮
w
(dx)
x− w A(z)B(x)C(w) +B(x)A(z)C(w) . (A.3)
•Symmetry of the bilinears
To prove the symmetry (2.14) of the current bilinears, we use the fact that the commutator
of the normal-ordered bilinear : Jˆ Jˆ : is related to the derivatives of the singular terms of the
Jˆ Jˆ OPE (2.5a):
: Jˆ
(r)
(a Jˆ
(s)
b) : (z)− : Jˆ (s)(a Jˆ (r)b) : (z) =
∑
m>0
(−1)m+1
m!
∂m{Jˆ (r)(a Jˆ (s)b) }m(z)
= ∂(if c(ab)Jˆ
(r+s)
c (z)) +
−1
2
∂2(Gˆabδr+s,0 mod λ)
= 0. (A.4)
In this paper, A(aBb) = AaBb + AbBa and A[aBb] = AaBb − AbBa.
•Jˆ : Jˆ Jˆ : OPE
Starting with the Jˆ Jˆ OPE (2.5a) and using Wick’s theorem, we can evaluate the Jˆ : Jˆ Jˆ :
OPE:
Jˆ (r)a (z) : Jˆ
(s)
b Jˆ
(t)
c : (w) =
∮
w
(dx)
x− w [Jˆ
(r)
a (z)Jˆ
(s)
b (x) Jˆ
(t)
c (w) + Jˆ
(s)
b (x) Jˆ
(r)
a (z)Jˆ
(t)
c (w)]
=
∮
w
(dx)
x− w (
Gˆabδr+s,0 mod λ
(z − x)2 +
if dab Jˆ
(r+s)
d (x)
(z − x) )Jˆ
(t)
c (w)
+Jˆ
(s)
b (x)(
Gˆacδr+t,0 mod λ
(z − w)2 +
if dac Jˆ
(r+t)
d (w)
(z − w) )
=
iGˆdcf
d
ab δr+s+t,0 mod λ
(z − w)3
+
(Gˆabδ
e
cδr+s,0 mod λ + Gˆacδ
e
bδr+t,0 mod λ − f dab f edc )Jˆ (r+s+t)e (w)
(z − w)2
+
if eab : Jˆ
(r+s)
e Jˆ
(t)
c : (w) + if
d
ac : Jˆ
(s)
b Jˆ
(r+t)
d : (w)
z − w
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=
iGˆecf
e
ab δr+s+t,0 mod λ
(z − w)3 +
M
(s,t,r) e
bca Jˆ
(r+s+t)
e (w)
(z − w)2
+
if eab : Jˆ
(r+s)
e Jˆ
(t)
c : (w) + if
e
ac : Jˆ
(s)
b Jˆ
(r+t)
e : (w)
z − w
(A.5a)
M
(s,t,r) d
bca ≡ Gˆabδdc δr+s,0 mod λ + Gˆacδdb δr+t,0 mod λ − f eab f dec . (A.5b)
• : Jˆ Jˆ : Jˆ OPE
The : Jˆ Jˆ : Jˆ OPE is obtained by analytic continuation of (A.5a)
: Jˆ (r)a Jˆ
(s)
b : (z)Jˆ
(t)
c (w) =
−iGˆecf eab δr+s+t,0 mod λ
(z − w)3
+
M
(r,s,t) e
abc Jˆ
(r+s+t)
e (w)
(z − w)2 +
M
(r,s,t) e
abc ∂wJˆ
(r+s+t)
e (w)
(z − w)
−( if
e
ca : Jˆ
(r+t)
e Jˆ
(s)
b : (w) + if
e
cb : Jˆ
(r)
a Jˆ
(s+t)
e : (w)
z − w ). (A.6)
•Tˆ ˆJ (0) OPE
Taking s = −r and t = 0 and multiplying (A.6) by ∑λ−1r=0 Labr , we obtain
Tˆ (z)Jˆ (0)a (w) =M(L) ba (
1
(z − w)2+
∂w
z − w )Jˆ
(0)
b (w)+
∑λ−1
r=0 N
(r)(L) bca : Jˆ (r)b Jˆ (−r)c : (w)
z − w (A.7a)
M(L) ba ≡ Lcd0 M bcd,a −
λ−1∑
r=1
Lcdr f fac f bfd N (r)(L) bca ≡ Lder N bcde,a (A.7b)
M dab,c ≡ δ(adGˆb)c +
1
2
f de(a f
e
b)c N
de
ab,c ≡
i
2
δ
(d
(af
e)
b)c . (A.7c)
• ˆ: JJ : ˆ: JJ : OPE
To evaluate the OPE of two current bilinears we apply Wick’s theorem again
: Jˆ (r)a Jˆ
(s)
b : (z) : Jˆ
(t)
c Jˆ
(u)
d : (w)
=
∮
w
(dx)
x− w : Jˆ
(r)
a Jˆ
(s)
b : (z)Jˆ
(t)
c (x) Jˆ
(u)
d (w) + Jˆ
(t)
c (x) : Jˆ
(r)
a Jˆ
(s)
b : (z)Jˆ
(u)
d (w)
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=
∮
w
(dx)
x− w [
−iGˆecf eab δr+s+t,0 mod λ
(z − x)3
+
M
(r,s,t) e
abc Jˆ
(r+s+t)
e (x)
(z − x)2 +
M
(r,s,t) e
abc ∂xJˆ
(r+s+t)
e (x)
(z − x)
−( if
e
ca : Jˆ
(r+t)
e Jˆ
(s)
b : (x) + if
e
cb : Jˆ
(r)
a Jˆ
(s+t)
e : (x)
z − x )]Jˆ
(u)
d (w)
+Jˆ (t)c (x)[
−iGˆedf eab δr+s+u,0 mod λ
(z − w)3
+
M
(r,s,u) e
abd Jˆ
(r+s+u)
e (w)
(z − w)2 +
M
(r,s,u) e
abd ∂wJˆ
(r+s+u)
e (w)
(z − w)
−( if
e
da : Jˆ
(r+u)
e Jˆ
(s)
b : (w) + if
e
db : Jˆ
(r)
a Jˆ
(s+u)
e : (w)
z − w )] (A.8a)
=
GˆedM
(r,s,t) e
abc δr+s+t+u,0 mod λ
(z − w)4
+
−iGˆecf eab δr+s+t,0 mod λJˆ (u)d (w)− iGˆedf eab δr+s+u,0 mod λJˆ (t)c (w)
(z − w)3
+
(if efd M
(r,s,t) f
abc − if eca M (r+t,s,u) febd − if ecb M (r,s+t,u) faed )Jˆ (r+s+t+u)f (w)
(z − w)3
+{M (r,s,t) eabc : Jˆ (r+s+t)e Jˆ (u)d : (w) +M (r,s,u) eabd : Jˆ (t)c Jˆ (r+s+u)e : (w)
−f eca (f fde : Jˆ (r+t+u)f Jˆ (s)b : (w) + f fdb : Jˆ (r+t)e Jˆ (s+u)f : (w))
−f ecb (f fda : Jˆ (r+u)f Jˆ (s+t)e : (w) + f fde : Jˆ (r)a Jˆ (s+t+u)f : (w))}/(z − w)2
+O((z − w)−1). (A.8b)
•Matching to the Virasoro algebra
We turn now to study the general stress tensor Tˆ in (3.1). To evaluate the Tˆ Tˆ OPE set
s = −r and u = −t in (A.8b) and multiply by
λ−1∑
r=0
λ−1∑
t=0
Labr Lcdt . Comparing this to the Virasoro
algebra (3.2) we find that the third-order pole term is zero since the identities
λ−1∑
r,s=0
Labr Lcds M (r,−r+s,−s) faed f ecb = 0. (A.9a)
Labr Lcds f efd M (r,−r,s) fabc = Labr Lcds f eca M (r+s,−r,−s) febd (A.9b)
follow by a↔ b, c↔ d and ab↔ cd symmetry of ∑λ−1r,s=0Labr Lcds .
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Using the symmetry (2.14) the restriction (3.3) is obtained by matching the second-order
pole terms. The fourth-order pole term gives the quadratic form of the central charge
cˆ = 2
λ−1∑
r,s=0
Labr Lcds GˆedM (r,−r,s) eabc (A.10)
which can be simplified to the linear form in (3.4) using (3.3).
•First-order pole
The first-order pole term in the Virasoro algebra (3.2) is guaranteed to be correct because
the higher-order pole terms are correct. To see this explicitly, we write
Tˆ (z)Tˆ (w) =
cˆ/2
(z − w)4 +
2Tˆ (w)
(z − w)2 +
F (w)
z − w +O((z − w)
0) (A.11)
where F (w) is unknown, and this may be relabeled as
Tˆ (w)Tˆ (z) =
cˆ/2
(w − z)4 +
2Tˆ (z)
(w − z)2 +
F (z)
w − z +O((z − w)
0) . (A.12)
We can determine F by a Taylor expansion z = w + (z − w) of (A.11) and its analytic
continuation Tˆ (z)Tˆ (w) = Tˆ (w)Tˆ (z):
Tˆ (w)Tˆ (z) =
cˆ/2
(z − w)4 +
2Tˆ (z)
(z − w)2 +
2∂zTˆ (z)− F (z)
w − z +O((z − w)
0) . (A.13)
Comparing to (A.12) we see that
F (w) = ∂wTˆ (w) (A.14)
which completes the verification of the Virasoro algebra (3.2).
•K-conjugation
In parallel with the VME, it is straightforward to check that the K-conjugate partner
L˜abr = (Labr )gλ − Labr of any solution Labr of the OVME is also a solution of the OVME
(use the fact that both (Labr )gλ and Labr are solutions).
To see that the stress tensors of K-conjugate constructions commute, we use (A.8b) to
verify the OPE
Tˆgλ(z)Tˆ (w) =
cˆ/2
(z − w)4 +
2Tˆ (w)
(z − w)2 +
∂wTˆ (w)
(z − w) +O((z − w)
0)
= Tˆ (z)Tˆ (w) +O((z − w)0) (A.15)
and this is easily rearranged into (4.16b).
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Appendix B. Graph Theory Ansatz on gλ = SO(n)λ
The graph theory ansatz SO(n)diag on SO(n)λ=1 is familiar
28,3 from the VME. Here we find
the generalization in the OVME to the ansatz SO(n)diagλ on SO(n)λ.
The inverse inertia tensor in this case has the form
ψ2Labr = ψ2Lij,klr = ηij,klLijr = δikδjlLijr , a = (i, j), 1 ≤ i < j ≤ n (B.1)
in the vector index notation for the Cartesian basis of SO(n). Substituting into the OVME
on gλ = SO(n)λ, we find the reduced system
ψ2Tˆ =
λ−1∑
r=0
∑
i<j
Lijr : Jˆ (r)ij Jˆ (−r)ij : (B.2a)
Lijr (1− xˆLijr ) + τn
λ−1∑
s=0
n∑
l 6=i,j
[LilsLljr+s −Lijr (Lils + Ljls )] = 0 (B.2b)
Lijr = Lijλ±r = Lijr±λ, ⌊
λ
2
⌋ < r ≤ λ (B.2c)
Lijr = Ljir , Liir ≡ 0, τn =


1, n 6= 3
2, n = 3
(B.2d)
cˆ = xˆ
λ−1∑
r=0
∑
i<j
Lijr , ∆ˆ0 = xˆ
λ−1∑
r=0
∑
i<j
Lijr
r(λ− r)
4λ2
(B.2e)
which further reduces to SO(n)diag when λ = 1. The conventions in (B.2d) follow Ref. 28.
The reduced OVME in (B.2) consists of (⌊λ
2
⌋ + 1)
(
n
2
)
equations and unknowns, so the
reduced system contains
N(SO(n)diag, λ) = 2
(⌊λ
2
⌋+1)(n2) (B.3)
level families for each value of n and λ. As in the case of the Lie g-invariant constructions,
most of these level families will be new, with irrational central charges and (for λ ≥ 2)
generically irrational ground state conformal weights ∆ˆ0.
These level families can be classified by the graphs Gλn of order n with ⌊λ2 ⌋ + 1 colors,
according to the high-level behavior28,3:
Lijr (Gλn) =
Θijr (G
λ
n)
xˆ
+O(xˆ−2), r = 0, ..., ⌊λ
2
⌋ (B.4a)
ψ2Tˆ (Gλn) =
λ−1∑
r=0
∑
i<j
(
Θijr (G
λ
n)
xˆ
+O(xˆ−2)) : Jˆ (r)ij Jˆ
(−r)
ij : (B.4b)
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cˆ(Gλn) =
λ−1∑
r=0
∑
i<j
Θijr (G
λ
n) +O(xˆ
−1) (B.4c)
∆ˆ0(G
λ
n) =
λ−1∑
r=0
∑
i<j
Θijr
r(λ− r)
4λ2
+O(xˆ−1) (B.4d)
of each level family, where
Θijr (G
λ
n) ∈ {0, 1}, 1 ≤ i < j ≤ n, r = 0, ..., ⌊
λ
2
⌋ (B.5)
is the adjacency matrix of any colored graph Gλn. The points i and j of G
λ
n are connected
by an edge of color r when Θijr (G
λ
n) = 1, and the collection of edges between any i and j is
called a bond.
The high-level expansion also shows that each level family is unitary for xˆ = λx, x ∈ ZZ+,
at least down to some finite radius of convergence xˆ0 = λx0.
In the colored graph theory, the orbifold affine-Sugawara construction SO(n)λ lives on
the complete colored graph with n points and ⌊λ
2
⌋ + 1 colors in each bond. As an example,
the graph of the orbifold affine-Sugawara construction SO(3)λ=2 is shown (with colors 0 and
1) below
0
• 1
0
•
✔
✔
✔
✔
✔
✔
✔
✔✔
✔
✔
✔
✔
✔
✔
✔
✔
1
0
•❚❚
❚
❚
❚
❚
❚
❚❚
❚
❚
❚
❚
❚
❚
❚
❚
1
Figure 4: The orbifold affine-Sugawara construction SO(3)λ=2
so that cˆ = 6 +O(xˆ−1) in this case.
Many other properties of the level families in this ansatz can be seen in the colored
graphs, in analogy with the application28 of ordinary graph theory at λ = 1. As examples,
•Aut(SO(n))-inequivalent level families are in one-to-one correspondence with the (point)
unlabelled colored graphs.
•Since K-conjugation is through the orbifold affine-Sugawara constructions, K-conjugate
level families live on complementary colored graphs.
•Self K-conjugate constructions28,3, with half the orbifold affine-Sugawara central charge
cˆ =
cˆgλ
2
(B.6)
live on self-complementary colored graphs.
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